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Physical motivation

NSE: iU, = Uy, + |U[*0 SPE:  w.; = u+ (u’)y
equation for an envelope of optical equation for real optical filed, ultra-
tield, many-cycle (~ 100fs) pulses short, few-cycle (~ fs) pulses
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® Propagation of optical pulses in Kerr media is usually described by the NSE (an equation for the

envelope of the optical field), derived using the slowly varying envelope approximation (SVEA).

® The notion of an envelope of ultrashort pulses whose temporal extend is less than a few cycles of

the corresponding wave is doubtful.

® SPE derived by Schifer and Wayne, Phys. D 196, 90 (2004) using multiplescale method.



Derivation of generalized Short Pulse Equation (1)

e Maxwell equations for a medium free of charges and currents:

0

V x E(r,t) + aB(r,t) = (
s,
V x H(r,t) — aD(r,t) =0
V- -D(r,t)=0
V- -B(r,t) =0

e constitutive relations for a non-magnetic medium:
D = EoE +P
B = ILL()H

E (H) - electric (magnetic) fields
D (B) - electric and magnetic inductions
go(fto) - vacuum permittivity (permeability)



Derivation of generalized Short Pulse Equation (2)

e induced electric polarization - sum of linear and nonlinear terms,
P =P\ +P"*

e isotropic (second-order nonlinear polarization vanishes) and piecewide
uniform medium, x;; # x;;(r) and xiu # Xiju(r)

PHet) =< [ xolt = DE;(r. B de

P-NL = &) / Xijkl(t — t_l,t — t_g,t — fg)Ej(I’, t_1>Ek<I’, EQ)E[(I', t_3> dfl dfg dfg

1

Using the following facts

oV -E = 0 (it follows from the Maxwell equations in the case of a
uniform medium)

eVXVXxE=V(V-E)-VE

one gets the following wave equation:

V°E = a—QD (1)



Derivation of generalized Short Pulse Equation (3)

Let us consider the following type of an optical fiber:

e single mode fiber, V' <V, ~ 2.405
e weakly guiding, A <<'1

e step-index profiled (as an example)

In such a case we can represent the electric field in the following sepa-
rable form:

E(r,t) =xF(z,y) V(2 1)
where

F(z,y) - fundamental mode field
V =2 pneere V2A - fiber parameter

2 2
n —nNn . .
A = —<5—ded - profile high parameter
core

Neore(Neiad) - Tefractive index of the fiber core (cladding)
p - fiber radius

an example:
Neore = 1445, Ngag = 145 — A~ 3 x 1073
p=3um, V <V, 2405 — A > 0.945um



Derivation of generalized Short Pulse Equation (4)

e assuming that the nonlinear response of the medium is instantaneous:
X1 (t — 1, t —to,t —13) = X2 6(t — 1) 6(t — £3) 8(t — £3)
we get:
f)(r, w) =xeo (14 xX(w)) F(z,y) V(z,w) + Xy X° (F(z,y) U(z, w))3
where YD (w) = [xi;(t)e™)dt and V(z,w) = [V(z,t)e™"dt are Fourier tarnsforms

e using the method of separation of variables (applicable in the case of small nonlin-
earity) the wave equation can be written as the following system of equations:

F(o,y) g ¥z, 0) = —Fla,9) P0) Uz 0) ~ Fa ) GPe) @)
AL Fle,y) = (ﬁ%w) -2 X(w))) Flz,y) o)

e in Eq. (3) (wave equation for mode F(z,y)) nonlinearity has been ignored

e integrating Eq. (2) over the transverse cross section we get:

52 N w? [[FY(x,y)dzdy -
52 \If(z w) = —x"B*(w) ¥(z,w) — ? [[F2(, y)dedy o3 (z,w) 4)




Derivation of generalized Short Pulse Equation (5)

e propagation constant for step-index fiber: g(w) = % (% -U 2)

e U - core parameter, within Gaussian approximation U ~ v1+2InV <V
e weakly guiding fibers: A <<'1

Contribution of the waveguiding effect to the propagation constant 3(w) is therefore
small and can be neglected,

2 2
w w4

Fw) = (1 +x(Ww)) = 5niw) ()

C C

e square electric field ¥?[1/V?] — pulse power Py U? [W/m?]

8 S B Uz(Z UJ)
3\112 — 3\1} U2 = — 1 U2 -3 - : 6
U (z,w) = X UoU*(2,w) snon2lo (2, w) gnonszFQ(x,y)dﬂcdy (6)

ny = nr(wp) - linear refractive index,

no : m = ng + nol - second order (Kerr) nonlinear refractive index,
wp - central frequency of the pulse,

Iy [W] - pulse peak intensity,

Py [W/m?] - pulse peak power.



Derivation of generalized Short Pulse Equation (6)

e Linear refractive index for the transparency range can be well approximated by the
Sellmeier formula: (— Lorentz model of the medium with neglected absorption)

, . BN
np(N) =1+ x(N) =1+ 5

1=1

for bulk silica: B; = 0.6961663, By = 0.4079426, Bs = 0.8974794
A1 = 0.0684043 pm, Ao = 0.1162414 pm, A3 = 9.896161 pum.

e Assuming that the frequency range of the pulse is far away from any resonance of
the medium, A\; < Ay << A << A3 one can simplify the Sellmeier formula:

X()\) ~ Xo + X2 A+ X4 % + ...+ X_Q/)\Z + X_4/>\4 + ...

e in the range: 1.5um — 3.0um (anomalous dispersion) we can use approximation:
x(\) &~ 1.1104 — 0.01063 \* (error of accuracy 5 x 10~%)

e in the range: 1.0um — 3.0um (normal and anomalous dispersion) we can use ap-
proximation y(\) ~ 1.1109 — 0.01054 A* + 0.0048/A? (error of accuracy 5 x 107%)

thus
ni =1+ x(w) =14 x0+ Xw® — X_,/w* = N — 2Nycar/w?* + 2Ny cas w?, (7)

X_9 X
where Ny = /1 + xo, a1 = TN and ay = QNEC




Derivation of generalized Short Pulse Equation (7)
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Derivation of generalized Short Pulse Equation (8)

Applying Fourier transform to Eq. (4) and taking into account formulas (5)- (8) we
obtain

82 N 82 2N0a1 2N()CL2 8 27107?,2 8
—U(z,t) = 2 t Ulz,t —U Py==U?(z,t
azQ (Z ) 02 a 2 (Z ) + c (Z, ) c a 4 ( C2Aeff 08t2 (Z )
B (ffFQ(x,y)dxdy>2 . .
where A.;r = T ry)dndy~ 1S effective pulse area
Applying
: N 2 NeR? 2Ny 9 9D
e Galilean transformation: 7 =1 — <22 (55— 5=+ 55 T35 5 — 5

1. . . o2
e unidirectional propagation, 52z =10

we get the generalized Short Pulse Equation:

82 4 82
aZaTU(Z,T) = a1 U(Z 7') —GQWU(Z 7') WU:g(Z 7') (8)
X X_ ngno B
where a; = WQOC’ = WOQC’ and g = A(;ij—gc



generalized SPE — generalized NSE

0> o 0>
3237U<Z’T> =a1U(z,7) — agﬁU(z T) + 07

U3(z T),

e Ansatz: U = (Se i(koz+egt) 4 c.c.), wp - any frequency

 k=1,2,..; By = k(wo) — Brwo

“o

e Using: k(w) = aw® —4; 3}, == ,i,agff,f)

e Defining: 7' = 7 + (3,2 and keeping only terms ~ ¢ 0! one gets:

- o€ 0
_ k—1 2
kZQ@ B — MIEPE + 7 (IE1%€)

(522—; — W 83> 2(y#+wyT)

which represents the standard NSE with additional terms (infinite num-
ber of dispersive terms, self-steepening and third-harmonic generation)

e J. Dudly — NSE with third-harmonic generation term



SPE and its properties

generalized SPE:
82 84 82

o v 73
azﬁTU(Z7T)_a1 U(Z7T) a2874U(Z7T)+ga7_2U (Z77_)7

a; = 0 (normal dispersion regime) — mKdV:
0* ot 0*

3
aZaTU(za 7_) - _CLQﬁU(za 7_) + gﬁU (Za 7_)7
as = 0 (anomalous dispersion regime) — SPE:
0? 0?

_ T3
aZaTU(ZvT> = aq U(Zv7-> + gaTQU (277_>7

mKdV and SPE are integrable equations

Integrability of the SPE proven independently by:
e Sakovich & Sakovich — zero curvature representation (J. Phys. Soc. Jpn. 74 (2005) 239)
e Brunelli — bi-hamiltonian system (Phys. Lett. A 353 475-478 (2006))

. % [Z°_U%dr =0 (conservation of energy)

offOOOUdf:Oﬁ(A](z,w:O):O
(no zero-frequency component - a property of optical fields)



The breather solution of SPE

e Sakovich & Sakovich and Brunelli have shown that SPE is integrable

e Sakovich & Sakovich: the SPE transforms to the sine-Gordon equa-
tion by a chain of transformations. When applied to the breather
solution of the sine-Gordon equation:

)

¢ = —4 arctan (

it gives a breather solutions of SPE:

msin(v) sinh(@) + n cos()) cosh(0)
m?2sin?(1)) + n? cosh?(f) 7

u(T) = 4mn

where

_ msin(2¢)) —n sinh(26)
T M ) TnT cosh(8)

0 =m(t+ z),

wzn@—z),

n=+v1—m?2.



The breather solution of SPE
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e small m - long pulses and small amplitude £, for m — 0 soliton
envelope — sech-shape, U ~ 4m cos(t — z) sech(m(t = z))

e short pulses - broad spectrum with higher-harmonics peaks

e m > mgy ~ 0.383 - singular solution (non single-valued)



The multisymplectic formulation of SPE (1)

The short pulse equation

1
Upr = U + é(ug)m

can be represented in the form
1
¢:)3t - ¢ - 6(¢§;)x = (
if one introduces the potential

U= Q.

This equation can be derived from the first order Lagrangian

1 1 1
L= ¢, — = + =¢%

©)

(10)

(11)

(12)



The multisymplectic formulation of SPE (2)

Using the standard prescription of the multisymplectic (De Donder-
Weyl) Hamiltonian formalism, we introduce the polymomenta

0L 1
P =54 = 3%
.  OL 1 L 4
and the (De Donder-Weyl) Hamitlonian
2 1
Hpw = p'¢r +p"¢ — L=2p"p' + S(0")" — 56", (14)

3 2

Then the multisymplectic (De Donder-Weyl) Hamiltonian equations take
the form:

oOH
x t_ _
O,p" + Op = 0 )
OH
O = — Il
0y ¢ opr P
OH 8
Op = — = 2p" + —(p")>.

opt 3



A multisymplectic integrator for the SPE

It is obtained from the discretization of DW Hamiltonian equations us-

ing the midpoint method in both = and ¢ directions:

1
Dig1 j+1/2 = 5(@',;‘ + @i jt1)

1
Dit1/2,j+1/2 = Z(@,j + @i i1+ ig1j + Gir1j41)

We obtain:
x o t N -
Pivijrd T Piged Pl Pl s
— 1 1
Ax At T3t
¢z+1,j—|—% qbz ]‘|‘% 9 !
- -1 1
AZC p2-|- ,]"’?
¢z+%,j+1 ¢z+%,j 5 N 8
Pl T3

(15)

(16)

(17)

THEOREM: The above integrator fulfils the discretized multisymplectic con-

servation law.



A multisymplectic integrator for SPE

By a tedious but straightforward calculation we obtain:

<p§+17j+1)3—|—3pt(i—|——|—)<p§+1jj+1>2—|—3 ((pt(l + "‘))2 — 4Axt) <p§—{—1,j—1—1)2_i_i(¢i,j+l_
¢i+1,j>+24A$¢Z‘J‘+%_12A$tp§,j+1+12A§p§+%’j+24<p£j+pij+l>—l_(pt(i—i_—i_))g =0

Pis1j1 =i+ —) +F App'(i ++) + Axp§+1,j+1

. " A, ) A, ) ) Ay ((
Pivij+1 T Piv1; = Pijp1 TP+ Ept@ —4) = P+ 1,7 +1) + Fe(i +

t
JAVS
+) + S Pt

t t t

where: Py Pheajen Pl
t(y — t t known: @, . @, ... ®
Pt £ +)=pij £ i+ Dy S
' = pX  +p*
¢<Z + +) — qbl,] + qbi,j—i—l o ¢z’+1,j i+1,j+1 i+,
__2A (A)? 5 |
Agjt pm— Atx - 2:C (= R N
o o =1
O @) j:2
O O j:3

t X X
calculate:®;; -+ @ij: P, TP



Comparison with other numerical methods (1)

e Split-Step
— dispersive term: %(7 (z,w) = iﬁ (2,w) (U - Fourier Transform of U)
—nonlinear term: %U(z, T) = 3gU%—g U

¢ Pseudospectral method using Runge-Kutta method

20 (z,w) = 10 (z,w) — igw{U%} (2, w)

e explicit FD

Numerical test:




Comparison with other numerical methods (2)
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amplitude

compression ratio, c

amplitude

Pulse compression

15
- output pulse ] 1+ (z=500) ]
(z=1000)
Q
r 1 T osr B
=]
=
PAAAAAMAAAAAMAMAA AR ] g‘ 0 B a——
IS
. ] o5l ]
L L L L L L L _ L L L L L L L
0 100 200 300 400 500 600 700 800 500 600 700 800 900 1000 1100 1200 1300
time time
1.9
18 .
1.7 *
1.6 b
15 b
14 i
1.3 b
1.2 b
11 b
1 I I I I I I I -
1 1.05 11 1.15 1.2 1.25 1.3 1.35 1.
peak amplitude, fhx
15
r output pulses ] 1 (z=500) ]
| (z=1000) | © osl |
=]
=]
2
= 0 l
o
IS
| ] Sos- ]
| ] Ll ]
0 l‘OO 2‘00 ‘300 ‘400 ‘500 ‘600 ‘700 800 71'5500 6‘00 ‘ 700 8‘00 9‘00 1[;00 1‘100 J‘.ZOO 1300
time time

amplitude

amplitude

15
1r initial pulse 1
(z=0)
051 b
0
05 S : ]
direction of propagation
71800 E‘JOO 1‘000 ‘1100 ‘1200 ‘1300 ‘ 1400 1500
time
15
i initial pulse ]
o5 (z=0) |
o .
osk |
- direction of propagation )
71‘5800 &;00 1‘000 ‘1100 ‘1200 ‘1300 ‘ 1400 ‘ 1500 1600
time



Conclusions

e Model equations for ultrashort (few-cycle) optical pulses propagat-
ing in nonlinear optical fibers — Short Pulse Equation (equation for
real optical field, no slowly varying envelope approximation)

e SPE — NSE (with infinite number of dispersive terms, SPM-term,
self-steepening-term, THG-term)

e Soliton solutions of the SPE (Sakovich & Sakovich)

o Effective numerical integrator for the SPE based on the multisym-
plectic formulation (25 times faster and an order of magnitude more
precise than pseudospectral Runge-Kutta method)

e Compression: linear dependence of the compression factor on the
peak amplitude



